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1
$A$ $G$
$\lambda$ : $Aarrow G$
$\lambda(ab)=\lambda(a)\cdot a(\lambda(b)) , a, b\in A$
$\tilde{\lambda}:Aarrow G\rtimes A, a\mapsto\lambda(a)a$
$GxA$ $G$ $A$
$A$ $G$ $Z^{1}(A, G)$ $A$
$A’$ $|Z^{1}(A, G)|$
1 ([5]). $|Z^{1}(A, G)|\equiv 0$ mod gcd$(|A/A’|, |G|)$
([2], [3], [4], [5], [6],
[8] ) $G$
$\bullet$ $A$ (Frobenius Hall )
$\bullet$ $A=C\cross E$ $\circ C$ $p$ $E$ $p$ $p$
1 $A$ $A_{1}$
$|Z^{1}(A, G)|\equiv 0$ mod gcd$(|A/A_{1}|, |G|)$
28
([1]) $n$ $n_{p}$ $n$ $P$ ( $P$-part)
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2. $A_{1}$ $A$ $|A/A_{1}|$ $p$ $A_{1}\leq B\underline{\triangleleft}A$
$|A/B|=|A/A_{1}|_{p}$ $B$ $\lambda\in Z^{1}(A, G)$ , $C_{G}(\tilde{\lambda}(B))$ $\tilde{\lambda}(A/B)$
$p$ $K$
$|Z_{\lambda}^{1}(A/B, K)|\equiv 0$ mod gcd $(|A/B|, |K|)$
$|Z^{1}(A, G)|\equiv 0$ mod gcd$(|A/A_{1}|, |G|)$
$P$ $B$ $A/A_{1}$
2 (
)
3. $p$ $p$ $A$ , $G$
$|Z^{1}(A, G)|\equiv 0$ mod gcd$(|A|, |G|_{p})$
1
4([5]). $A,$ $G$
$|Z^{1}(A, G)|\equiv 0$ mod gcd$(|A/A’:\Phi(A/A’)|, |G|)$
$\Phi(A/A’)$ $A/A’$
5. $A$ $B$ $A/B$ $G$ $H$
$|Z^{1}(A/B, H)|\equiv 0$ mod $gcd(|A/B|, |H|)$
$|Z^{1}(A, G)|\equiv 0$ mod gcd$(|A/B|, |G|)$
6. $K$ $G$ $K_{A}$ $K$ $A$
$|Z^{1}(A, K_{A})|\equiv 0$ mod gcd$(|A|, |K_{A}|)$
$|Z^{1}(A, G)|\equiv 0$ mod gcd(lAl, lKl)
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2 $p$
2 $p$ $P$
$|Hom(P, P)|_{p}=|P/P’|$ $p$ $p=2$
$p$
$p$
$P$ $P$ $Z^{1}(P, P)=$
$Hom(P, P)=$ End$(P)$ $P$ ( )
$|$ End$(P)|$ $P$ $H$ $|$ Aut$(H)|$
$| End(P)|=\sum$
$N\underline{\triangleleft}P$
$\sum_{H\leq P}$
$|$ Aut$(H)|$ (1 )
$H\simeq P/N$
7( $p$ ). $p$ $C_{n}$ $n$
(1) $|$ End$(P)|$ $|P|=|P/P’|$
(1)
1. $P=C_{p}$
$|$ End$(C_{p})|=|$ Aut $(C_{p})|+|$ Aut(1) $|=(p-1)+1=p.$
$|$ Aut $(C_{p})|$ $|$ Aut(l)l $p$ $P$
$p$ 1
2. $P=C_{p^{2}}$
$|$ End$(C_{p^{2}})|=|$ Aut $(C_{p^{2}})|+|$ Aut $(C_{p})|+|$ Aut(1) $|=(p^{2}-p)+(p-1)+1=p^{2}.$
3. $P=C_{p}\cross C_{p}$
$P$ $\mathbb{Z}_{p}$ 2 1 ( $p$ )
$\frac{p^{2}-1}{p-1}=p+1$ $|$ Aut$(C_{p}\cross C_{p})|=|GL_{2}(p)|=(p^{2}-1)(p^{2}-p)$
$|$ End$(C_{p}\cross C_{p})|=|$ Aut $(C_{p}\cross C_{p})|+(p+1)\cdot(p+1)|$ Aut $(C_{p})|+|$ Aut(1) $|$
$=(p^{2}-1)(p^{2}-p)+(p+1)^{2}(p-1)+1=p^{4}.$
$p^{2}$ $P=C_{p^{2}}$ $P=C_{p}\cross C_{p}$ $|$ End$(P)|$
$|$ End$(C_{p^{n}})|=|C_{p^{n}}|=P^{n}$ $P^{n+1}$
$P=C_{p}\cross\cdots\cross C_{p}$ ( $n$ ) $|$ End$(P)|=|M_{n}(p)|=p^{n^{2}}$
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8( ). $n=2^{m},$ $m\geq 0$ $2n$
$D_{2n}=\langle x, y|x^{n}=y^{2}=1, yxy=x^{-1}\rangle=\langle x\rangle\rtimes\langle y\rangle$
$D_{4}=C_{2}\cross C_{2}$ $D_{2}=C_{2}$ $Aut(D_{2n})$
Aut $(D_{2n})\simeq\{\begin{array}{ll}1 (n=1)S_{3} (n=2)\mathbb{Z}_{n}\rtimes U(\mathbb{Z}_{n}) (n\geq 4)\end{array}$
$S_{3}$ 3 6, $U(\mathbb{Z}_{n})$ $\mathbb{Z}_{n}=\mathbb{Z}/(n)$ $|\mathbb{Z}_{n}\rtimes U(\mathbb{Z}_{n})|=$
$\frac{n^{2}}{2}=2^{2m-1}$ ([2])
$n=4$ $|$ End$(D_{8})|$ $D_{8}$ 2 5
$Z(D_{8})=\langle x^{2}\rangle$ 4( 2) 3
$\langle x\rangle$
$|$ End$(D_{8})|=|$ Aut $(D_{8})|+1\cdot 2|$ Aut $(D_{4})|+3(4+1)|$ Aut $(D_{2})|+|$ Aut(1) $|$
$=8+1\cdot 2\cdot 6+3\cdot 5\cdot 1+1=36.$
$n\geq 8$
$|$ End$(D_{2n})|=|$ Aut $(D_{2n})|+1\cdot 2|$ Aut $(D_{n})|+1\cdot 4|$ Aut $(D_{n/2})|+\cdots$
$+1 \cdot\frac{n}{4}|$ Aut $(D_{8})|+1 \cdot\frac{n}{2}|$ Aut $(D_{4})|+3(n+1)|$ Aut $(D_{2})|+|$ Aut(1) $|$
$=2^{2m-1}+1\cdot 2\cdot 2^{2m-3}+1\cdot 2^{2}\cdot 2^{2m-5}+\cdots$
$+1\cdot 2^{m-2}\cdot 2^{3}+1\cdot 2^{m-1}\cdot 6+3(2^{m}+1)\cdot 1+1$
$=(n+2)^{2}.$
$n\geq 2$ $D_{2n}$ $\langle x^{2}\rangle$ $|D_{2n}:\langle x^{2}\rangle|=4$
$|$ End$(D_{2n})|=n^{2}+4n+4\equiv 4$ $(mod 2n)$
1 ( $|$ End$(D_{2n})|$ 4 )
8
9( ). $n=2^{m},$ $m\geq 2$ $2n$
$Q_{2n}=\langle x, y|x^{n/2}=y^{2}, yxy=x^{-1}\rangle$
Aut $(Q_{2n})$
Aut $(Q_{2n})\simeq\{\begin{array}{ll}S_{4} (n=4)\mathbb{Z}_{n}\rtimes U(\mathbb{Z}_{n}) (n\geq 8)\end{array}$
$S_{4}$ 4 24
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$n=4$ $|$ End$(Q_{8})|$ $Q_{8}$ 2 $Z(Q_{8})=$
$\langle x^{2}\rangle$ 4 3
$|$ End$(Q_{8})|=|$ Aut$(Q_{8})|+3\cdot 1|$ Aut $(D_{2})|+|$ Aut(1) $|$
$=24+3\cdot 1\cdot 1+1=28.$
$n\geq 8$ ( $n=4$ )
$|$ End$(Q_{2n})|=|$ Aut$(Q_{2n})|+3$ . $1|$ Aut $(D_{2})|+|$ Aut(1) $|$
$= \frac{n^{2}}{2}+4.$
$Q_{2n}$ $x^{2}\rangle$ $|Q_{2n}:\langle x^{2}\rangle|=4$
$|$ End$(Q_{2n})|\equiv 4(mod 2n)$ 1
8
10 ( ). $n=2^{m},$ $m\geq 3$ $2n$
$SD_{2n}=\langle x, y|x^{n}=y^{2}=1, yxy=x^{-1+n/2}\rangle=\langle x\rangle\rtimes\langle y\rangle$
Aut $(SD_{2n})\simeq 2\mathbb{Z}_{n}\rtimes U(\mathbb{Z}_{n})$ $SD_{2n}$
$\langle x^{j}\rangle\simeq C_{n/j}$ $($ $j|n)$ , $\langle x^{2},$ $y\rangle\simeq D_{n},$ $\langle x^{2},$ $xy\rangle\simeq Q_{n},$ $SD_{2n}$
$\langle x^{n/2}\rangle$ $SD_{2n}/\langle x^{n/2}\rangle\simeq D_{n}$ $SD_{2n}$
$D_{n}$
$|$ End$(SD_{2n})|$
$|$ End$(SD_{2n})|=|$ Aut $(SD_{2n})|+1\cdot 1|$ Aut$(D_{n})|+1\cdot 2|$ Aut $(D_{n/2})|+\cdots$
$+1 \cdot\frac{n}{8}|$ Aut $(D_{8})|+1 \cdot\frac{n}{4}|$ Aut $(D_{4})|+3( \frac{n}{2}+1)|$ Aut$(D_{2})|+|$ Aut(1) $|$
$=2^{2m-2}+1\cdot 1\cdot 2^{2m-3}+1\cdot 2\cdot 2^{2m-5}+\cdots$
$+1\cdot 2^{m-3}\cdot 2^{3}+1\cdot 2^{m-2}\cdot 6+3(2^{m-1}+1)\cdot 1+1$
$= \frac{n^{2}}{2}+2n+4.$
$SD_{2n}$ $\langle x^{2}\rangle$ $|SD_{2n}:\langle x^{2}\rangle|=4$
$|$ End$(SD_{2n})|\equiv 4(mod 2n)$ 1
8
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3 $p$
$P$ 2 Alperin-Feit-Thompson
11 $($ [9, (4.9)] $)$ . $P$ 2 $t$ $t\equiv 1$ (mod4)
$|P/P’|=4$
$|Hom(C_{2}, P)|\equiv 2(mod 4)$ 1 $A$
$|Hom(C_{2}, P)|$
$|Hom(C_{2}, P)|\not\equiv 0(mod 4)$
Taussky
12 ([7, Theorem 5.4.5]). $|P/P’|=4$ $P$ 2
$|Hom(C_{2}, P)|\not\equiv 0(mod 4)$ $P$ 2
Murai-Takegahara
13 ([10], [11]). $r$ $|Z^{1}(C_{p^{r}}, P)|\not\equiv 0$ mod $gcd(p^{r+1}, |P|)$
$P$ 2
14. 2 $P$ $P$ 2 $|$ End$(P)|\not\equiv O(mod 8)$
$P$ 2 $P$ 2
Taussky ( 12) $|P/P’|\geq 8$ $P$
$B$ $P/B$ 8 $P/B$ $C_{8},$ $C_{4}\cross C_{2},$
$C_{2}\cross C_{2}\cross C_{2}$ 1
$|Z^{1}(P/B, H)|\equiv 0$ mod $gcd(|P/B|, |H|)$ $H$
5
$|$ End$(P)|=|Hom(P, P)|\equiv 0$ mod $gcd(|P/B|, |P|)=8$
1 14
5
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